In this paper, we apply the homotopy perturbation method for solving the fifth-order boundary value problems. The analytical results of the equations have been obtained in terms of convergent series with easily computable components. Several examples are given to illustrate the efficiency and implementation of the homotopy perturbation method. Comparisons are made to confirm the reliability of the method.
Introduction
Recently much attention has been given to develop some analytical methods for solving integral equations including the perturbation methods. It is well known that perturbation methods provide the most versatile tools available in nonlinear analysis of engineering problems [13, 14] . The major drawback in the traditional perturbation technique is the over dependence on the existence of a small parameter. This condition is too strict and greatly affects the applications of the perturbation techniques because most of the nonlinear problems (especially those having strong nonlinearity) do not even contain the socalled small parameter; moreover the determination of the small parameter is a complicated process and requires special techniques. These facts have motivated researchers to suggest alternative techniques such as the homotopy analysis method [11, 12] , Adomian decomposition methods [17] and the variational iteration method [4] [5] [6] [7] [8] .
In order to overcome these drawbacks, combining the standard homotopy method and perturbation, we obtain a modified method, which is called the homotopy perturbation method. In this paper, we develop a homotopy perturbation method for solving a system of integral equations. It is shown that this method provides the solution in a rapid convergent series. We show that this method is easy to implement and it is more efficient than the Adomian method. We remark that to apply the Adomian method, one has to evaluate the derivative of the socalled Adomian polynomial, which is itself a complicated problem. On the other hand, homotopy perturbation is very simple to apply, which is the main characteristic of this method. Several examples are given to illustrate the performance of the method.
In this paper, we consider the general fifth-order boundary value problems of the type:
with boundary conditions
where f is continuous function on [a, b] and the parameters A i and B i , i = 1, 2 are real constants. Such type of boundary value problems arise in the mathematical modelling of the viscelastic flows and other branches of mathematical, physical and engineering sciences, see [1] [2] [3] 9, 10] and the references therein. Several numerical methods including spectral Glarkin and collocation [2, 9] , decomposition [17] and sixth order B-spline [1] have been developed for solving fifth-order boundary value problems of the type (1) . The use of spline function in the context of fifth-order boundary value problems was studied by Fyfe [3] , who used the quintic polynomial spline functions to develop consistency relations connecting the values of solution with fifth-order derivatives at the respective nodes. Polynomial sextic spline functions were used [16] to develop the smooth approximations to the solution of fifth-order boundary value problems. Wazwaz [17] used the Adomian technique to find the analytical solutions of the problem (1) . Recently, Noor and Mohyud-Din [15] used the variational iteration method to find the series solution of such type of the problems.
The main motivation of this paper is to apply the homotopy perturbation method to solve the fifth-order boundary value problems of the type (1). This is accomplished by rewriting the fifth-order boundary value problems (1) in a equivalent system of integral equations. This alternative equivalent formulation plays a key role in solving the fifthorder boundary value problem. We show that this method provides the solution in a rapid convergent series. In fact, it can be shown that the homotopy perturbation method solves effectively, easily and accurately a large class of linear and nonlinear ordinary, partial, deterministic, stochastic differential equations with approximate solutions which converge rapidly to accurate solutions. Comparison with other methods shows that the homotopy perturbation can be viewed as an effective alternative technique for solving a wide class of problems arising in various branches of pure and applied sciences.
Homotopy perturbation method
Consider the following system of the Voltra integral equations:
where
To convey an idea of the homotopy perturbation method, we consider a general equation of the type:
where L is an integral or differential operator. We define a convex homotopy H (u, p) by
where F(u) is a functional operator with known solutions v 0 , which can be obtained easily. It is clear that, for:
from which we have
This shows that H (u, p) continuously traces an implicitly defined curve from a starting point H (v 0 , 0) to a solution H (u, 1). The embedding parameter increases monotonically from zero to unit as the problem F(u) = 0 is continuously deforms the original problem L(u) = 0. The embedding parameter can be considered as an expanding parameter [11] . The homotopy perturbation method uses the homotopy parameter p as an expanding parameter [13] to obtain:
If p → 1, then (5) corresponds to (3) and becomes the approximate solution of the form:
It is well known that the series (7) is convergent for most of the cases and also the rate of convergence is dependent on L(u), see [11, 12] . We assume that problem (2) has a unique solution.
Consider the ith equation of (2), take:
. .
The comparison of like powers of p give solution of various orders.
Applications
In this section we first show that the fifth-order boundary value problems of the type (1) can be reformulated as a system of integral equations. We then use the homotopy perturbation method developed in Section 2 to solve the resultant system of integral equations. To illustrate the implementation of the homotopy method, we consider the same examples as in Wazwaz [17] . 
Using the transformation
we can rewrite the fifth order boundary value problem (8) and (9) as the system of differential equations:
with
which can be written as a system of integral equations:
Using (4) and (6) for (11), we have
Comparing the coefficient of like powers of p, we have:
:
: : : 
Using the boundary conditions at x = 1, we have:
Taking the Taylor series of (24) yields which is exactly the same solution as obtained in [17] by using the decomposition method and in [15] by using the variational iteration technique. Table 3 .1 exhibits a comparison between the errors obtained by using the proposed homotopy perturbation method and by using the sixth degree B-spline method [1] . Examining this table closely shows the improvement obtained by using the proposed technique. Higher accuracy can be obtained by evaluating more components of y(x).
Example 3.2 ([17]). Consider the following nonlinear fifth order boundary value problem
with boundary conditions:
Using the transformation:
we can rewrite the fifth order boundary value problem: (25) and (26) as the system of differential equations
with y(0) = 0, q(0) = 1, f (0) = 0, z(0) = A, s(0) = B, which can be written as a system of integral equations:
Using (4) and (6) for (28), we have:
p
p (6) : Using the boundary conditions at x = 1, we have A = 0.9999967742, B = 1.0000145020.
Taking the Taylor series of (36) yields y(x) = 1 + x + 0.5x which is exactly the same solution as obtained in [17] by using the Adomian decomposition and in [15] by using the variational iteration technique. Table 3 .2 shows that the exact values, series solutions and error obtained by using the homotopy perturbation method and by using the sixth degree B-spline method [1] for x = 0.0, 0.1, 0.2, . . . , 1.0. From the table, it is clear that the homotopy method is more efficient and easy to implement as compared with B-spline technique.
Conclusion
In this paper, we have shown that the homotopy perturbation method can be used successfully for finding the solution of linear and nonlinear boundary value problems of fifth order by reformulating as a system of integral equations. It may be concluded that this technique is very powerful and efficient in finding the analytical solutions for a large class of integral and differential equations. This technique provides more realistic series solutions as compared with the Adomian decomposition and variational iteration techniques.
